ST402 Principles and Methods MT2005/2006 Solution 3

Solutions for Exercise 3

1. We are asked to find
Mx(t) = E "]

for X ~ N(p,0?). We may write X = 1+ 0Z where Z ~ N(0, 1), so that
Mx(t)=FE [et(“"'gz)} =eME [e”tz]
= e My(at).

So one need only find the MGF for a standard normal random variable.

> 1 1.2
My (t) :/ et e 2% dz
o V2w

oo V2T
— 7t /OO e
Coo V2T
142
= e2

The last integral is the total probability for a N (¢, 1) random variable, and so is equal to 1. The

step from line 1 to line 2 follows from the simple algebraic identity

1 1
—5[(2' —t)? -] = _EZQ + zt.

The MGF for the general normal distribution is
Mx (t) = exp(ut + o*t?/2).
The mean of Y is
Ele®] = Mx(1) = exp(p + 02 /2).

Also,
E[Y?] = Mx(2) = exp(2u + 402 /2).

The variance of Y is therefore
exp (2 + 40°/2) — exp(2u + 207 /2) = exp(2(p + 02 /2))(exp(a?) — 1).

2. The Markov inequality says that if X is a non-negative random variable, then for A > 0,

E[X]
PIX > N < —=.

The proof is fairly easy.

PIX > )| = B[l 00) (X))
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3.

If t > 0, then the events Y > v and €'Y > €7 are the same. We can take, in the Markov inequality,
X =" where t > 0, to obtain

E[etY]
_ tY t
PIY 2] = Pl 2 e < 25
My (1)
==

Notice that this is true for every ¢ > 0, so we can choose that value of ¢ that gives the sharpest
upper bound.

If Z ~ N(0,1), then Mz(t) = et’/2_ 5o the previous inequality gives

2
ot?/2

et

P[Z >~] <

and choosing t = v gives, for v > 0
P[Z > 4] < e 2,

The inequality is also obviously true for v = 0. One can show that taking ¢ = v gives the sharpest
result.

(a) We know that

oo

Mx(t) = m,
j=0

ti
jt
This gives
Kx(t) =logMx(t) =log | Y %y
j=0
the right hand side is
t t2 3
log [1+m1—'+m2— +m3—+...:|

1! 2! 3!
Using the Taylor series expansion log(1 +x) = 2 — 2%/2 4+ x3/3 — ..., we get
Kx(t) = mli—l—mgﬁ—i-mgﬁ—i—...]
1! 2! 3!
t 2 £ 2
—|:m1ﬁ+m25+m35+...:| /2
t 2 £ °
—%mﬁ+m5+mg+m]ﬁ+m

Retaining terms up to degree t3 gives

Kx(t) = [mat/11 4+ mat® /2! + mst® /31 + .. ]
— [(m1)*8 + 2mymat® /2 + ... ] /2
+ [(ma)*] /34 ...

This gives

t
Kx(t) = mi—

1!+-pn2—-@n1f]t2/m

+ [ms — 3myma + 2(mq)*] /31 + .. ..
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So, identifying coefficients of ¢"/r! on each side for r =1,2,3

K1 = My
Rg = Mg — (ml)2 = p2
K3 = 1MmM3 — 3m1m2 + 2(m1)3 = H3.

b) IF Y = X — mq, then by definition, m&y) = $X) = u, for r =2,3,.... We can also see that
Y iz K

My (t) = E[e¥]
— E[et(X—ml)]
= eitmlMX (t)

It follows that

Ky(t) = —tmy + Kx(t)
= —rit + Kx(t).

It follows that all the cumulants of ¥ and X must be the same except for the first. In
other words, the cumulants of order greater than 1 do not depend on the location of
the distribution. We can get ks, k3, k4, k5 from the moments of Y, which are just the central
moments for X.

Ky (t) = log[l + pat? /2! + pat® /30 4 puat* /A + pst® /50 + .. ]
Once again expanding the right hand side we get
Ky (t) = [uat?/2! + pst® /3! + pat* /4 + pust® /50 + .. ]
— [p2t? /2! + 3t /3! 4 gt /A + pst® /5 .22+
Keeping terms to the fifth power of t,
Ky (t) = [pat?/2! + st /3! + pat* /4 + pst® /50 + ...
— (3t )4+ 2poust® /124 .. ] /2 4+ ...
which gives
Ky (t) = pat® /2! + pgt® /3! + (g — 3p3)t* /4!
+ (s — 10usp2)t® /5! + .. ..

Picking out the coefficients of t"/r! on each side

L)

2 = M2

/fgy) = H3
Y

“51 ) = pa — 33
() _

Ky ' = ps — 10puszpa.
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(¢c) If Z=Y/o, then
Kz(t) =log Mz(t) = log E[e?!] = log E[eY'/?] = Ky (t/0).
It follows that n&z) = n&y) /o", and so
ng) =1
ng)
(2)

ki = (s — 3p3)/ 13

“éz) = (5 — 10#3#2)/#2/2-

3/2
= /LB/UQ/

(d) For the normal distribution, Kx(t) = ut + 0*t?/2, so that

K1 =W
Ii220'2

Kk = 0 for r > 2.

So

m; =K1 =H

2

my = Ky + (m1)? = 0% + u?

msz = k3 + 3mamy — 2(mq1)® = 302 + p®.

4. We shall require that —1 < ¢ < 1 for some parts of the following derivation:

oo —la|
Mx (t) :/ eztera:

0 x oo —T
:/ ewte—dzzr—l—/ ewte—d:c
oo 2 0 2

0 _z(1+4t) oo —z(l—t)
e e
—/_OO > d:v—i—/o — dx

cr(1+) |0 _e—a(1-) oo
= 2(1+t)‘_oo+ 2(1—1) i
I 1
“30+0 T2u—9
- 1
S

Kx(t) = —log(1 — %) = >+ (t*)*/2+ (t*)*/3 + ...

2 3 4
:Ot+25+0§+121+....
So,
K1 =
Ko = 2
ks =0
kg = 12.
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5. (a) This can’t work, because if it were true
F(oo,00) = H(c0) + G(oo) =14+1=2.

This is inconsistent with F'(oco, 00) being a probability.

(b) If we consider the joint distribution of independent random variables X with distribution
function H(x) and Y with distribution function G(y), then

F(z,y) = P[X <x,Y <y]

= P[X < z|P[Y <y]
= H(2)G(y).

This verifies that H(z)G(y) is a joint distribution function.

(c) This one does not work because
F(—00,00) = max[H(—o00), G(00)] = max[0,1] = 1.

But this should be 0.

(d) As the question suggests, consider the singular joint distribution for which X and Y always
take exactly the same value, and for which the marginal distribution function of X is H(z).
A typical value for (X,Y) is (z,x). The support of this distribution in the XY plane is the

line y = x. We have
F(z,y) = P[X <z,Y <y
= P[X <z,X <y]
= min[H (), H(y)].

So we have shown that this is a distribution function, though for a singular distribution.

A more difficult exercise would be to show that F'(z,y) = min[H (z), G(y)] is a joint distribution
function.
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